A general theory is developed to describe graphene with arbitrary number of isolated impurities. The theory provides a basis for an efficient numerical analysis of the charge transport and is applied to calculate the minimal conductivity, σ, of graphene with resonant scatterers. In the case of smooth resonant impurities σ grows logarithmically with increasing impurity concentration, in agreement with renormalization group analysis for the symmetry class DIII. For vacancies (or strong on-site potential impurities) σ saturates at a constant value that depends on the vacancy distribution among two sublattices as expected for the symmetry class BDI.
A general theory is developed to describe graphene with arbitrary number of isolated impurities. The theory provides a basis for an efficient numerical analysis of the charge transport and is applied to calculate the minimal conductivity, σ, of graphene with resonant scatterers. In the case of smooth resonant impurities σ grows logarithmically with increasing impurity concentration, in agreement with renormalization group analysis for the symmetry class DIII. For vacancies (or strong on-site potential impurities) σ saturates at a constant value that depends on the vacancy distribution among two sublattices as expected for the symmetry class BDI. Transport properties of graphene [1] [2] [3] remain in the focus of intense studies. It has been established, both theoretically [4, 5] and experimentally [6] [7] [8] [9] [10] , that the conductivity of short and wide samples of ballistic graphene acquires a minimal value of 4 × e 2 /πh (the factor 4 reflecting the spin and valley degeneracy) when the chemical potential is tuned to a vicinity of the Dirac point. The minimal conductivity of larger graphene flakes is close to 4 × e 2 /h for the majority of experimentally available samples [2] . The enhancement of the minimal conductivity is attributed to the effect of disorder: graphene near the Dirac point may conduct better when impurities are added [11] [12] [13] .
Remarkably, the minimal conductivity of disordered graphene remains essentially constant when the temperature T is lowered by several orders of magnitude, down to 30 mK [14] . This is in contrast with the behavior of conventional 2D systems with conductivity σ ∼ e 2 /h: their σ gets strongly suppressed with lowering T due to Anderson localization. The absence of localization in graphene indicates that the dominant disorder is either of long-range character (and thus does not mix the valleys) or preserves a chiral symmetry of the Hamiltonian [15, 17] . The former possibility has been investigated in Refs. [12, 13, 16, 17] . In this paper we explore the case of resonant impurities that preserve the chiral symmetry (C z in terminology of Ref. [15] ).
Resonant scatterers create "mid-gap" states directly at the Dirac point, thus having a strong impact on the minimal conductivity. A natural example of a resonant scatterer is a strong potential applied to a site of a graphene honeycomb lattice, which is equivalent to a vacancy. In this way, vacancies are effectively created by hydrogen ad-atoms or CH 3 molecules, which bind to a single carbon atom in graphene and change its hybridization from sp 2 to sp 3 type. The resonant character of hydrogen ad-atoms was supported by the DFT analysis [18] . Resonant scatterers give linear (up to a logarithmic factor) dependence of the graphene conductivity on electron density [15, 19] , consistent with experimental observations. Recent experiments [20, 21] confirmed that a moderate concentration of hydrogen adsorbates preserves all the salient features of transport in graphene and provided evidence that resonant impurities determine the graphene mobility.
The vacancies are not the only type of resonant impurities. For instance, a smooth potential impurity, which can be represented by a scalar potential in the Dirac equation, is resonant provided the energy of the localized impurity state coincides with the Dirac point. Recent works [22, 23] studied the effect of resonant scalar impurities in the ballistic regime. It was shown, in particular, that each such impurity enhances the conductance of ballistic graphene by a value of the order of e 2 /h.
In this Letter we develop a general theory of transport in a system with arbitrary number N of isolated impurities. The full counting statistics of the system is given by a determinant of a matrix of size N . The averaging over impurity positions can be performed numerically with a high efficiency. We apply this theory to disordered graphene at the Dirac point, focusing on two types of resonant scatterers: scalar (smooth potential) impurities and vacancies. This allows us to explore the diffusive (or critical) regime that is established with increasing concentration of impurities (or, equivalently, sample length).
We consider a graphene sample of the length L and the width W ≫ L, which is described by the Dirac Hamiltonian, H = −i vσ∇ + V (r), where σ = (σ x , σ y ) is the vector of Pauli matrices, v is the velocity, and V (r) is an impurity potential that can mix valleys and sublattices. Hereafter we set v = 1.
Metallic leads at x < 0 and x > L are defined by adding a large chemical potential, µ ∞ → ∞. Inside the sample, i.e. for 0 < x < L, the chemical potential is tuned to the Dirac point (µ = 0). The function V (r) = N n=1 V n (r) represents N isolated scatterers. To calculate the full counting statistics of electron transport we use the matrix Green function approach [23, 24, 27] . The Green function in the retarded-advanced (RA) space satisfies the equation
where ζ = sin(φ/2) is the counting field and the chemical potential µ equals µ ∞ in the leads and zero in the sample. It is important for the subsequent analysis that the bare Green function G 0 , which solves Eq. (1) at V = 0, can be calculated analytically [23] . Transport quantities (conductance, noise, and higher order cumulants) are readily determined from the cumulant generating function F = Tr ln G −1 , where the trace Tr includes the spatial coordinates as well as RA, sublattice, and valley indices. Below we are mostly concerned with the conductance determined by the relation
With the help of the Dyson equation,
, of the clean system [23] . Our aim is to take advantage of the fact that impurities do not overlap and to reduce the operator determinant in the definition of δF to the usual matrix determinant. Such a reduction is justified if the impurity size is smaller than both the distance between impurities and the Fermi wave length (the latter is infinite at the Dirac point). The generating function can be rewritten in the N -dimensional unfolded (impurity) space as
whereV = diag(V 1 , V 2 , . . . , V N ) and all elements of the matrixĜ 0 are identical and equal to the operator G 0 .
We proceed with introducing the T -matrix operators
V n , that account for multiple rescattering on individual impurities [23] . Here g stands for the Green function in an infinite graphene plane. At the Dirac point we find
Using the definition of the T -matrix, we rewrite δF as
whereT = diag(T 1 , T 2 , . . . , T N ) and g is proportional to the unit matrix in the unfolded space.
The last term in Eq. (5) does not depend on the source field, φ, and can be safely omitted. Taking the limit of point-like impurity we reduce the operator product in the first term of Eq. (5) to the standard matrix product with the result δF = Tr ln(1 −TĜ reg ), (6) whereT is the diagonal matrix of integrated impurity T -matrices (describing s-wave scattering only) and the elements of the matrixĜ reg in the unfolded space are given by
where r n = (x n , y n ) specify the positions of impurities. Equation (6) is one of the central results of the Letter. The impurity-induced correction to the full-counting statistics is reduced to the finite-size matrix determinant, which is completely defined by the impurity T -matrices in the s-wave channel and the bare Green function. The T -matrices can be found in a standard way from the solution of the corresponding single impurity scattering problem [28] . The exact bare Green function in the rectangular geometry of Eq. (1) has been calculated in Ref. [23] . It is given by the matrix product
where Σ x,y,z are the Pauli matrices in RA space and
The matrix R is acting in the sublattice space. In the limit W ≫ L it simplifies to
where z n = π(x n + iy n )/2L and csc z = 1/ sin z. The matrix R coincides with the retarded Green function of the clean sample up to a factor 4iL. The expressions (8), (9) define the off-diagonal elements of the matrixĜ reg in the unfolded space. The diagonal elements are found from Eq. (7) as
where R reg (r) = csc(πx/L) + Σ y σ y φ/π. Diagonal part of the matrix R reg is proportional to the local density of states in a clean setup. Equation (10) completes the construction of the matrixĜ reg . The only input parameters for the general result (6) are T -matrices of individual impurities. They can be obtained by solving the single impurity scattering problem. For smooth potential impurity, the T -matrix mixes neither sublattices nor valleys and is given by the scattering length, T = ℓ. The length ℓ diverges if the impurity potential fulfills the resonant condition [23] . In contrast, the T -matrix for an on-site potential impurity projects on a one-dimensional subspace, T = ℓ|u u| = ℓ(1 ∓ τ x σ x ± τ y σ y + τ z σ z )/4, where upper (lower) sign correspond to the impurity in A (B) sublattice, respectively, and τ α are the Pauli matrices in the valley space [28] . The vacancy (i.e. infinitely strong on-site potential) corresponds to the limit ℓ → ∞.
In general, the T matrix of a resonant impurity is given by a divergent length scale, ℓ, multiplied by a projection operator acting in the valley and sub-lattice space. This enables further simplification of the result (6) by omitting the unity under the logarithm in the projected basis. Up to an arbitrary constant term, the resulting generating function can be cast in the form
with a matrixK satisfying the identityK † (φ) =K(−φ). For resonant scalar impurities, the elements of 2N × 2N matrixK are given by
For vacancies, the matrixK =Â +Â T has a dimension N × N with
where ζ n = ±1 if the n-th vacancy belongs to the sublattice A (B). The analytical expressions (11)- (13) can now be used for the efficient numerical evaluation of the conductance, noise, and higher transmission cumulants of a disordered graphene sample. Below we focus on the conductance, Eq. (2). In terms ofK it is given by
where dots denote derivatives with respect to φ. In the case of resonant potential impurities, the matrix K is linear in φ; hence the last term drops from Eq. (14) . Computational efficiency of Eq. (14) is limited by inverting the matrix K at φ = 0. This operation involves O(N 3 ) multiplications. We run the standard matrixinverse update algorithm by adding impurities one by one to compute the dependence of conductivity on N . This reduces the complexity to O(N 2 ) per realization on average. The procedure is repeated many times to get sufficient statistics for different ratios W/L. Then we extrapolate the result to the limit W → ∞, thus eliminating non-universal boundary effects. For resonant potential impurities, the dependence of the average conductivity σ = GL/W on the impurity concentration n = N/LW in the limit W ≫ L is plotted in Fig. 1 . To understand this behavior analytically, we perform the symmetry analysis of the problem. The matrix K defined by Eq. (12) yields the Bogoliubovde-Gennes type of symmetry,
, which corresponds to the symmetry class D [25] . The symmetry of the matrix K is equivalent to that of the transfer matrix of the system and can be used to infer the symmetry class of the corresponding Hamiltonian, which is given by DIII in the present case. The renormalization group analysis of the corresponding sigma model in the two-loop approximation yields the following equation for the dimensionless conductivity [26] 
which holds forσ ≫ 1, i.e., in the diffusive regime. Solving Eq. (15), we get Figure 1 shows a perfect agreement between the numerical and analytical results. An altogether different behavior of the conductivity is obtained from Eqs. (13), (14) for graphene with vacancies. The result is plotted in Fig. 2 in the limit W ≫ L for different relative concentrations, n B /n A = 0, 1/2, 3/4, 1, where n A and n B stand for the vacancy concentrations in the sublattice A and B, respectively. We see that the conductivity acquires a constant value for nL 2 → ∞. To understand this behavior, we note that the matrix K from Eq. (13) now possesses the only symmetry K T = K and thus belongs to the symmetry class AI. Therefore, graphene with randomly distributed vacancies falls into (14), (13) for nB/nA = 0, 0.5, 0.75, 1. Inset illustrates the conductivity scaling for nA = nB on the logarithmic scale.
the Hamiltonian symmetry class BDI. The corresponding sigma model is characterized by a vanishing β-function, implying a constant (in general, nonuniversal) value of conductivity in the infrared limit. This is fully consistent with the numerical results of Fig. 2 . Remarkably, for n A = n B , the conductivity is a non-monotonic function of nL 2 and the limiting value is very close to the 4e 2 /πh. For equal concentrations, n A = n B , the numerically obtained limiting value is σ * ≃ 1.6 × 4e 2 /πh. The system is expected to show various aspects of criticality characteristic for 2D problem of chiral classes [25] .
Additional comments: (i) If a small concentration of vacancies is added to the sample with resonant potential impurities, a crossover from DIII behavior, Eq. (16), to BDI (saturation) occurs at some high value ofσ. (ii) We assumed that the inter-impurity distance is much larger than the graphene lattice constant a. For very large concentration of potential impurities they will start to overlap and will lose the resonant character. As to vacancies, when their concentration will increase towards ∼ 1/a 2 , the conductivity will start to drop, and eventually the system will undergo a localization transition.
In conclusion, we have developed a theoretical approach to transport in disordered systems which describes an entire crossover from ballistic to diffusive or critical regime. The theory can be applied to study localization physics and criticality in a variety of different systems. We have used the theory to calculate the conductivity (and, more generally, the full counting statistics) in undoped graphene with resonant impurities. The conductivity increases logarithmically in the case of smooth resonant potential scatterers (symmetry class DIII) and saturates at a constant value for vacancies (class BDI). In the latter case, the behavior of conductivity depends on the vacancy distribution among two sublattices.
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